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AN ABSTRACT FUNCTIONAL DIFFERENTIAL
EQUATION AND A RELATED NONLINEAR
VOLTERRA EQUATION

BY
M. G. CRANDALL' AND J. A. NOHEL"

ABSTRACT
We study the existence, uniqueness, regularity and dependence upon data of
solutions of the abstract functional differential equation

du

(1) 5 AU GW) O=I1ST), u@=x,

where T >0 is arbitrary, A is a given m-accretive operator in a real Banach
space X, and G:C([0, T]; D(A))—L'(0. T; X) is a given mapping. This study
provides simple proofs of generalizations of results by several authors concern-
ing the nonlinear Volterra equation

?) u(t)+b*Au(t)3F(t) 0=:=T),

for the case in which X is a real Hilbert space. In (2) the kernel
b is real, absolutely continuous on [0,T], b*g(f)= [, b(t —s)g(s)ds, and
feE W0, T;X).

1. Introduction and preliminaries

We study the initial value problem

du —
(L.1) g HAu3G) O=:=T),
u0)=x

where A is a given m -accretive (possibly multi-valued) operator in a real Banach
space X with norm |||, and G is a given mapping

(1.2) G:C([0,T);D(A)—~L'(0,T; X).
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(See [2] and [8] concerning the notion of an m-accretive operator and other
notation not defined here.) Points of interest will be the existence, uniqueness,
regularity, and dependence upon data of solutions of (1.1). The method
employed is simple. If x EB(_A—) and g €L'(0,T;X), then the evolution
problem

dv

E-#Avag O=t=T),
(1.3)

v(0)=x

has a unique “integral” solution (see [2], [5], or [8]) v € C([0,T]; D(A)). Let
v = H(g) denote this solution. A solution of (1.1) is by definition a function
u € C([0,T); D(A)) such that u = H(G(u)). Under suitable assumptions, some
iterate of K = H(G) is a strict contradiction and (1.1) has a unique solution wu.
Further assumptions allow stronger conclusions, e.g. the solution of (1.1) is
Lipschitz continuous or a strong solution (see below). The method adapts easily
to generalizations (e.g., the operator A = A(t) depends on time), and to the
study of the dependence of u on A, G, and x. The basic idea used here is already
found in [5] and exploited for G as in (1.2) in [9].

Much of the motivation for our study of (1.1) lies in the fact that we thereby
obtain very simple proofs of generalization of results due to several other
authors. MacCamy [15] considers the problem

%+ mAu(t)ta*Au(t)=f(t) 0<r=T),
(1.4)
u@y=x

where m >0 is a constant, A is a maximal monotone operator in a real Hilbert
space H, and a is a real kernel. We use the notation a *g(t) = [6 a(t — s)g(s)ds.
Under various additional restrictions, MacCamy transforms the problem (1.4) to
one of the form (1.1) by the method of the proof of Proposition 1 below. He then
treats the resulting special case of (1.1) via a Galerkin argument (which
necessitates further restrictions). Our results concerning (1.1) are directly
applicable to problems of the sort discussed in [15]. Moreover, we also obtain
generalizations of results of Barbu [1], [3], Londen [13], Gripenberg [11] and
Londen and Staffans [14] concerning equations of the form

(1.5) u(ty+b+xAu(t)>F(t) (0=:=T).
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The Volterra equation (1.5) was treated in a Hilbert space setting by these
authors, whereas we obtain results in general Banach spaces by very different
and simpler proofs.

Section 2 contains the basic results for (1.1). Applied to the study of (1.5) these
results show, among other things, that (1.5) has a unique generalized solution
whenever b is absolutely continuous, b(0) >0, b' is of bounded variation on
[0,T], f€ W"(0,T; X) (see below) and F(0) € D(A). This fact is established in
Section 3, but we present below the basic connection between (1.1) and (1.5) in
the case of strong solutions (which will be defined shortly). Section 4 sketches the
relationship between this paper and the existing literature and outlines some
generalizations.

First recall that if # is an interval, then u € W"'($; X) means that there is a
function v : $ — X which is strongly integrable on £ (i.e. v € L'(#; X)) such that

u(t)~u(s)=J” v(r)dr (L,sE€ F),

s

then u'(t)=v(t) a.e. on $. It is also known (e.g. [6, p. 148] or 2, p. 16]) that
u € W"'(#;X) is equivalent to u:$-—>X being absolutely continuous (u €
AC (¥; X)) and differentiable a.e. on 4. If u € AC($;X) and X is reflexive,
then u is automatically differentiable a.e. on 4.

DEFINITION. A strong solution of (1.1) on [0,T} is a function u €
W' (0,T;X)N C([0,T); D(A)) satisfying u(0) = x and u'(t) + Au(t) 3 G(u)(t)
a.e. on [0, T}

DeriNniTION.  Let b € L'(0, T;R), F € L'(0, T; X). A strong solution u of (1.5)
on [0, T]is a function u € L' (0, T; X) for which there exists w € L' (0, T; X)) with
w(t)E€ Au(t) and u(t)+b*w(t)=F(t) a.e. on [0,T].

ProposiTion 1. Let b€ AC([0, T];R), b’€ BV([0, T|;R) (i.e. b':[0,T]>R
is of essentially bounded variation), F€ W"'(0,T;X) and b(0)=1. Let u be a
strong solution of (1.5) on [0,T]. Then u is a strong solution of (1.1) where

[ (@) G)t)=fE)+rxf()=rOu)+r()x —u*r'Qt),
(i) f(t)=F'(e),

(1.6) 1 (iii) x = F(0),

(iv) a=1b",

| (v) rEL'(0,T;R) is defined by r+a*r= —a,
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and we have used the notation
1.7) uxr'(ty= f u(t—s)dr(s).
0
Conversely, let r € BV ([0, T];R), fEL'(0,T;X), x € D(A), and G be given

by (1.6(1)). If u is a strong solution of (1.1), then u is a strong solution of (1.5),
where

[ ) Fm=x+f}QM&

(1.8) Y (i) a+a*xr=—r,

mnbm=1+fa@m&

Proofr. Let u be a strong solution of (1.5) on [0, T] and u + b*w = F where
weL'(0,T;X), and w(t)€ Au(t) a.e. on [0, T]. Since b € AC([0,T]:R) and
feEW"O,T;X), u=F-b*we W"(0,T;X) and u'+bO0)w +b'*w =F".
Since b(0)=1,

(1.9) w+b'xw=F—u'

Simple facts about Volterra equations imply that if r,a € L'(0, T; R) are related
via (1.6(iv)), then for v,w € L' (0, T; X) we have

(1.10) wtaxw=v&Sv+rsv=w.

The reader can easily check this (or see [16, Chap. 4]). Hence (1.9) and
r+b'xr=—b" imply

(1.11) w=F—-u'+rx(F-u').

Finally, a = b'€ BV ([0, T];R) is equivalent to r € BV ([0, T];R) ([4, theor.
7.4]), so

(1.12) rxu'(t)=r(Qu(t)—r(Ou@)+ux*r'(t).

Since u(0)= F(0)=x and w(t)& Au(t) a.e., (1.11) and (1.12) show that u is a
strong solution of (1.1) with the identifications (1.6).

The converse is proved by reversing the steps. If u € W"'(0, T; X) is a strong
solution of (1.1) on [0, T], then G(u)(t)— u'(t)= w(t) € Au(r) a.e. If G is given
by (1.6(i)) and (1.12) is used, one finds that

(f-u)trx(f-u)=w,
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and by using (1.10) that w + a*w = f — u’. Integration of this equation yields
(1.5) with the identifications (1.8).

Remark. When considering (1.5) one may reduce to the case b(0)=1,
provided that b(0)>0, since A may be replaced by b(0)A. Formally, b* Au =
b=Au, where b = b(0)'b, A = b(0)A.

2. Principal results

It is assumed throughout this section that A is m-accretive. The following
simple result establishes the existence and uniqueness of solutions of (1.1).

THEOREM 1. Let x ED(A), yEL'(0,T;R) and let G: C({0,T]; D(A))—
L'(0,T; X) satisfy

t

16 W)= GO = [ 7N =0limsin ds
@.1) { !

for 0=t=T and u,v € C([0,T]; D(A)).
Then (1.1} has a unique solution u € C({0,T]; D(A}).

We remark that assumption (2.1) implies that the value of G(u) at t €[0, T
depends only on the restriction of u to [0,?].

Under further assumptions one can obtain greater regularity of solutions of
(1.1) than mere continuity. For example:

THEOREM 2.  In addition to the hypotheses of Theorem 1 assume that there is a
function k :[0,0)—{0,) such that

var(G(u):[0,1}) = k(R)(1 + var(u :[0,t]))
2.2) {
and |Gu)O0+)|=k(R), 0=¢=T,

whenever u € C ([0, T]; D(A)) is of bounded variation and || u |l.=0.r.x, =< R. (The
variation of a function v over an interval ¥ is denoted by var (v:.$).) Ifx € D(A),
then the solution u of (1.1) is Lipschitz continuous on [0, T]. If X is also reflexive,
then the solution u of (1.1) is a strong solution on [0, T].

Finally, we note that the solution u of (1.1) depends continuously on the
“data” A, G, x in the following sense:

THEOREM 3.  Let the assumptions of Theorem 1 be satisfied. Let an m -accretive
operator A, in X, a mapping G,.:C ([0, T]; X)— L' (0, T;X) and x. € D(A.) be
given for n = 1,2,---. Assume that:
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The inequality (2.1) holds with G replaced by G. for all
.3)
u,v € C([0,T); X), with the same vy for each n =1,2,--+;

0.4) lim G,(u)= G(u) in L'(0,T;X) for u € C({0, T];D(A));
(2.5) lim (1 +AA,)"'z=(I+AA) "'z for A>0,z€EX;
and

(2.6) limx, = x € D(A).

Letu, € C([0, T]; D(A.)) be solutions of (1.1) on [0, T] with A replaced by A,, G
replaced by G,, x replaced by x, and let u € C([0,T]; D(A)) be the solution of
(1.1) on [0, T]. Then lim._.u, =u in C([0,T}; X).

ProoF ofF THEOREM 1. Denote the integral solution of v’ + Av 3 g, v(0) = x,
gEL(0,T;X) by v=H(g) We seek a fixed point of the map
K:C([0,T);D(A))— C([0, T]); D(A)) defined by K(u) = H(G (u)). By proper-
ties of integral solutions

IK@X-K@XOI= [ 16w)s) - Glo)s)lds
for 0=t =T, u,v € C([0,T];D(A)). By (2.1) we thus have
Q7 IK@u)- K@)li=e..0= L{ yWu = vli=osx,ds (O=t=T).

Iterating (2.7) one shows by induction that

t

(2.8) I]K’(u)—K’(v)IILm(o,,;x,éJ;y,-(s)IIu—vlle(o‘S;x,ds O=t=T)
where
@9 76)=v6) [ m(@ddos =23 vimy.

Now lim,_... f¢ ¥;(s)ds = 0, since y € L'(0, T;R), and so K’ is a strict contradic-
tion on C([0,T]; D(A)) for sufficiently large j. This establishes the result.

ReMark. Theorem 1 is a mild generalization (with the same proof) of [9,
lemma 2.1].
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ProoF ofF THEOREM 2. Define the function ue:[0,T]—X by uel(t) = x,
0=t=T. The proof of Theorem 1 shows that the iterates u..,= K(u,)=
H(G(u,)), n =0,1,---, converge uniformly to the solution u of (1.1) on [0, T].
Hence the iterates u, are uniformly bounded. If g € BV ([0,T];X) in the
evolution equation (1.3), then the solution v = H(g) satisfies

var (v:[0,¢])=||g(@+)—yllt + L‘ var (g :[0,7])dr
2.10) {
for y € Av(0)= Ax andfor 0=¢t=T.

In fact (2.10) follows from the stronger inequality
lo(¢) = o) =[£+nllg@+)—yl+var(g:[0,¢])]
(2.11) {

for ye Av(0), 0§ n=t.

See, e.g. [2, p. 132] or {5, prop. 1.6]. Thus by (2.2), (2.10) and the uniform
boundedness of {u,}, there exists a constant ¢ such that

2.12) var (u..::[0,¢)) = c(l + J: var (u, :[O,T])dT) 0=t=T).

But  then  var(u,..:[0,t])=cexp(ct). Thus {var(u.:[0,T])} and
var {G(u,):[0,T}} are both bounded. By (2.11), {u.} is uniformly Lipschitz
continuous. Hence u = lim,.... 4, is Lipschitz continuous. If X is reflexive,
u € W' ([0,T); X) follows from the absolute continuity, and u is a strong
solution of (1.1) on [0, T].

Proor oF THEOREM 3. In the proof of Theorem 1 the solution of (1.1) was
represented as the unique fixed point of a mapping K = HG. H depends on the
“data” A and x which we now exhibit explicitly: H(A,x,g) is the integral
solution of (1.3) for x € D_(A—) and g € L'(0, T; X). We indicate the dependence
of K on A, x, G of (1.1) by

K(A, x, G)u)=H(A, x, G(u)).

In the proof of Theorem 1, K’ was a strict contraction for some j. Both j and the
contraction constant depend only on the function y which we assume in (2.3) to
be uniform in n. Thus, by the argument of Theorem 1, there is a j >0 and
0<1<1 such that if K, (u)= K(A. x., G.)(u), then

K (u)— KL (0)e=o.r:0 = L u = 0 le=0.r:
(2.13)

for u,v€C(0,T);X), n=1,2,--
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If u€C(0,T);D(A)), u. € C([0,T);D(A,)) satisfy the equations K(u)=
K(A,x,G)u)=u and K, (u.)= K(A,, x», G.)(4.) = u,, then using (2.13)
lu = un |l = [| Ki(un) = K’ ()]
= || K(un) — K)o+ | Kin(u) = K/ ()
= un — u o+ Ku) - K’ ()],

where | |l denotes the norm in L*(0, T;X). Thus

= s o = T2 K@)~ K/ @),

and the assertion follows if || K’(u) — K’(u)|..—0 as n — . For this it suffices to
know that || K, (u) — K(u)|l. = || H(A., x., G.)(u)— H(A,x,G)(u)|l-—0 as n—> o,
But the latter follows from [5, prop. 1.23] in view of (2.4), (2.5), (2.6). The proof
is complete.

Remark 2.14. The dependence of the fixed point u of the mapping
K{A,x,G)on x and G can be exhibited more precisely. Let u = K(A,x,G)(u),
i =K(A, % G)a) where G, G satisfy (2.1). Then by properties of integral
solutions and (2.1)

la@®-u@l=lx =21+ [ 16G)s)-Gaxs)lds
slx =2+ [ 166)6)- 6@ ds
+ [ 16w@e)- G lds
S e(0)+ [ 7() 4= o ds,

where

@.13) e =lx~1l+ [ 1G@)s) - G@xs)las.

Thus by Gronwall’s inequality

Q216)[18(0) = u()]| =18 ~ t mornr < e () + fo exp ( j 'y('r)d‘r) e(s)ds.
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3. Applications to the abstract Volterra equation
Consider the problem

G.1) u+b*Au3F,

where B, F are as in Proposition 1 and A is m-accretive on X. Let A >0 and
A, =AT"(I-(I+2AA)") be the Yosida approximation of A. A,: X—X is
Lipschitz continuous, so a simple contraction argument shows that the approx-
imating problem

3.1, un+b*Au, =F

has a unique strong solution u, on [0,T]if b € L'(0, T;R) and FE L'(0, T; X).
Our main result for (3.1) is:

THEOREM 4. Let b, F satisfy the assumptions of Proposition 1 and F(0)€
D(A). Let u, be the solution of (3.1), on [0,T]. Then lim, ot =u in
C([0,T); X) where u is the solution of the delay equation (1.1) on [0,T] of
Theorem 1, with the identifications (1.6). If, moreover, F' € BV([0,T]; X) and
F(0)€ D(A), then u is Lipschitz continuous on [0, T]. If X is also reflexive, then
u€ W"(0,T;X) and u is a strong solution of (3.1).

Proor. With G given by (1.6) (i) we have

1Gu)(t) = G)OI=(r©)]+var(r:[0,t]))u — vc-c.x -

Hence

(32) 16~ G@lanns [ ¥6)u=vlards,
with

(3.3) v(s)=|r(0)| + var (r:[0,s]).

Since r € BV ([0, T|;R) (because a = b’ has this property—see Proposition 1),

(3.2), (3.3) imply that G satisfies (2.1). By Proposition 1, u, is a strong solution of
du,

(3.4) _JE' + AAuA 3 G(u)‘ ), U, (0) = F(O) .

One has lim, jo (I + pA,) 'z = (I + pA) 'z for u >0, z € X. Thus by Theorem

3 the u, converge to u in C([0,T);X) as desired. If F'€ BV([0,T];X),

(1.6)((i)~(iii)) imply that
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var (G(u):[0,t])= C(1 + var (u:[0,t]))
3.5) {

[Gu)O+)|=C, 0=t=T,

where C is a constant depending on F(0), F'(0*), var(F':{0,T1),r(0 +), and
var(r:[0, T]). Thus Theorem 2 implies that the solution u is Lipschitz continu-
ous on [0, T} if u(0)= F(0)&€ D(A). If X is reflexive, u is a strong solution of
(1.1) on [0, T], and by Proposition 1, u is a strong solution of (3.1) on [0, T}. This
completes the proof of Theorem 4.

Observe that if (3.1) has a strong solution u on [0, T] under the assumptions of
Theorem 2, then it follows from Theorem 2 and Proposition 1 that lim, o 4, = u
in C([0,T];X). However, whether or not (3.1) has a strong solution, the
solutions u, of (3.1), converge to a limit u as A | 0. We adapt the point of view
that this limit is a generalized solution of (3.1):

DErINITION.  Let the assumptions of Theorem 4 be satisfied. Then u = lim, ;o U
in C([0,T]; X) is the generalized solution of (3.1) on [0,T]).

The generalized solution is a continuous function of the data b, A, F via
Theorem 3. The dependence of the solution on b, F can be estimated explicitly
by the method of Remark 2.14. We present below the simpler estimate which
results from varying only F.

THEOREM 5. Let b satisfy the assumptions of Theorem 4 and F, Fe
W0, T; X), F(0), F(0)E D(A). Let u, i € C([0, T); D(A)) be the generalized
solutions on [0, T] of the equations u +b*Au3Fand i +b*A0 > F respec-
tively. Then

lu@)—a@)|=e(t)+ Lr exp (J’s‘ y(r)d-r) e(s)ds (0=t=T),

where
()= lFO-FOI+c: | I1F(s)- F(s)lds,
a=1+ ”r”L‘(o,T;R), c;=1+ ”r”L“’(O,T;R)’
y(s)=|r(0+)|+var (r:[0,s]),
and r is determined by r + b'xr = — b'.

Theorem 5 is proved by substituting into (2.15), (2.16) and estimating. Here G,
G are given by (1.6)(i) with f = F’, x = F(0) and f = F', x = F(0) respectively; y
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is determined from (3.2), (3.3). Theorem 5 implies that the mapping:
W"(0,T;X)D F— the generalized solution u of (3.1) on [0, T] is Lipschitz
continuous on the set of F € W"'(0, T; X) satisfying F(0)&€ D(A). Thus if X is
reflexive, the generalized solution of (3.1) may be regarded as the unique limit of

strong solutions.

4. Connections with other research and generalizations

Concerning the existence and uniqueness of solutions of the Volterra equation
(3.1), Theorem 4 generalizes results of Barbu [1], Londen [13] and MacCamy
[15), all for the case X = H a real Hilbert space, and Au = d¢(u), where d¢p
denotes the subdifferential of a function ¢ : H— (~ %,%] which is convex, ls.c.,
and proper, and of Gripenberg [11, theor. 1] for the case in which X = H and A
is a maximal monotone operator on H. Barbu [1] and Gripenberg [11, theor. 2]
consider certain cases when the kernel b is operator-valued. Our assumptions
concerning the kernel b and the function F are closest to those of [11] and [13].
In Barbu [1] the kernel b is assumed to be of positive type which, while less
general in some respects than the kernels of [11], [13] and this paper does permit
the possibility that b(0 + )= + «. Londen and Staffans [14] also study (3.1) in the
case X = H, Au = 3¢ (u), and they relax the assumption of [11] and [13] that
b' € BV[0, T]; they require instead that b’ satisfies a frequency domain condi-
tion which holds automatically if b’€ BV|[0,T]. Theorem 5 has not been
considered by any of these authors.

We should mention how the case in which A = d¢ is treated in our context.
From [6, theor. 3.6] it follows at once that in this case the solution u of (3.1)
provided by Theorem 4 satisfies u’'€ L*(0,T;H) if only F(0)€ D(¢) and
F'€I1*(0,T;H). If F0O)€D(¢) and F'€ L*(0,T;H), then we have '€
L*(0, T; H). Moreover, b’ € BV ({0, T]; H) can be relaxed to (for example) the
assumption that b € AC ([0, T]; H) and b’ € BV ([0, To]; H) for some T, >0 by
use of a continuation argument as in [13].

Theorem 4 can be used to strengthen a result of Clément and Nohel [7, theor.
5]} concerning the positivity of solutions of the Volterra equation (3.1).

If A(t) is a m-accretive operator for almost all t €[0,T], D(A())=D is
constanta.e. and g € L' (0, T'; X), it is known [10] that the evolution problem

3—?1& A()v3g()
4.1) O=:t=T),
u(@)=x
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has a “solution” v € C ([0, T]; D) if x € D, provided only that either

There exists a Banach space Y, h € L'(0,T; Y), and a continu-
ous function L :[0,%)—[0,%) such that

“2) I A% = A (o) S TR ()~ h(s) L (1x )

for all A >0,x € X and almost all s,t € [0, T}],
or

There exist h,L as in (4.2), h € BV ([0, T]; Y) such that
(4.3) [AL()x = As(s)x[lx = h(8) = h(s)IIvL (I x lx) (1 + ]| Ax(s)x [)

for A >0, x € X and almost all s,t € [0, T],

where A,(1)=A"'(I—(I+AA(t))"). Moreover, if v = H(g) is the solution of
(4.1), then

@a  IHEO-H@WIZ [ I36)-ge)lds 0=r=T),

where g,¢ € L' (0, T; X). Since the property (4.4) of H was all we needed to find
fixed points of the map K = HG in Section 2, we can therefore solve the more
general delay equation

du

g TAOUIGw),  u@=x (0=:=T)

where G(u) satisfies (2.1), (2.2), and also the Volterra equation
u+bxA(tusF (0=t=T),

as in Sections 2 and 3. The notion of “solution” of (4.1) is more complex than if
A is independent of ¢, and the technical details concerning (4.1) are otherwise
too complicated to warrant more precision here. Thus we remark only that (4.2)
or (4.3) suffice for a good existence theory and, given knowledge of (4.1), the
proofs are the same. See [10] and [17] concerning (4.1). In particular, one easily
generalizes the results of Gripenberg [11, theor. 2].

Another type of generalization arises if we relax the assumptions concerning
G in Theorem 1. For example let G be only “locally Lipschitz™ in the following
sense:
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[ Let x€D(A)uot)=x, 0=t=T, R>0,

M ={u € C([0, T]; D(A)):]|u — toll=0.7.x, <R},
and yEL'(0,T;R").
4.5) . .
Assume that G: M — L' (0, T; X), satisfies
”G(u)_ G(U)”L‘(O.r;x)

éf Yy u = v|=0.sx,ds for u,v€E M.
0

Then we can prove the following “local theorem” for the delay equation (1.1).

THEOREM 6. Let (4.5) be satisfied. Then there is a T,, 0<To=T and a
(unique) u € M such that

du

(4.6) o

+ Au 3 G(u), u@=x, 0=t=T,.

Proor. Let wo€ C([0,T]; D(A)) be the solution of w'+ Aw 3 G(u),
w(0)= x. Choose T, >0 such that

[wo(t)~ x| =SR/2 (0st=Ty,
@7

f y(s)ds =1/2.

Let v € M and u be the solution of

du

i +Au32G(v), u(0)=x.

Then using (4.5), (4.7) one has
Tu (@)= x[[ = [u(t) = wo(e) ]| + | wo(t) — x|

= [ 16()5)- Gns)lds +1R

éR[ v(s)ds +31R =R, (0=t=T,).
)

The solution operator v — HG(v) = u thus maps the set 4 into
{fuc C0, T; DA):Nlu()~u(HI=R for 0=t =T}.

Modify this mapping by setting
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HG@)(t) if 0=st=T,
KTn(v)z {

HGW)Ty) if To,<t=T.

M is now invariant under Ky, and
I Kro(#) = Kr0) |e=0.:0 = j y()u = vlli=esixds (w0 € M).
0

Therefore, K+, has a unique fixed point u which is a solution of (4.6) on [0, T).
This completes the proof of Theorem 6.
Finally, if assumption (2.1) is relaxed to

(4.8) [Gu)-G)|rorx=Mlu~v l=0.7:3)

so that G(u)(t) can also depend on the values u(r) for 7 > ¢ (which (2.1) does
not allow), then the technique of Theorem 1 shows that equation (1.1) with G
replaced by ¢G has a unique solution whenever |e |[M <1.

We also wish to point out that the method developed in Sections 2 and 3 can
be used to study the nonconvolution Volterra equation

4.9 u(t)+ f' b(t,s)Au(s)ds3F(t) (0=t=T),

where A is m-accretive on X and F € W"' ([0, T]; X). Concerning b we assume

that it is defined on the region T = {(t,s):0 = s = ¢t = T}, that b(t, s) is as smooth

as required for the calculations which follow, and that b(t,t)>0 (0=t =T).
Differentiating (4.9) one obtains

(4.10) Z—l:(t)+b(t,t)Au(t)+ J:%l;)(t,s)Au(s)dsaF'(t); u(0) = F(0).

Putting  ¢@(t)=b(,1)>0, 71=®(t)= [oo(s)ds @O=t=T), ¢(1)=
@ (@7 (7)) 'F'(@7'(1)) (0= 7 = D(T)), and defining v(r) = u(®'(r)), c(r,0) =
b(®7'(7), d7)(c)), an elementary calculation shows that (4.10) is transformed to
the equivalent initial value problem

ac
« 5 (o)
P+ av)+ [ oy Av@)d () OsT=AD),
@.11)
v(0)=x = F(0).

Let
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ac
aT (T? 0’)

K)oy
and define the associated resolvent kernel r(r,0) by the equation ([17,
chap. IV]):

@4.12) r(r,o)+ ff k(r,&)r(¢,0)de = —k(r,0) (0=0=7=d(T)).

A calculation analogous to that of Proposition 1 shows that the problem (4.11) is
(under suitable assumptions) equivalent to the initial value problem

.13) %+A09G(0) 0=r=&(T); 0(0)= x),

where

G(o)(r) = ¥(r)+ L r(r, ) (@)do — r(r, 7)o (r)
(4.14)
+r(r,0)x + ff v(r—o)d,r(r,o) 0=7=9(T)).

The Stieltje’s integral in (4.14) is well defined if r(r, o) is of bounded variation
with respect to ¢ on 0= o =7, uniformly in 7 on 0=7 =®(T). Under this
assumption it is clear that G defined in (4.14) satisfies the estimate (3.2) with
y(s)=1|r(s,s)| + supos.=ac var (r(r,0):0= o = 7). Thus one may apply the
theory developed in Section 2 and arrive at analogues of Theorems 4 and 5 for
the nonconvolution equation (4.9). We shall not pursue this topic further.

Finally, we remark that if X =R and A is a nondecreasing (continuous)
function from R to R in (3.1), and if F € AC([0, T]), J. J. Levin [12, theor. 1'] has
obtained by a different method a result similar to the one to which our Theorem
4 reduces for this case.

Added in Proof. Since the completion of this paper we have learned that G.
Gripenberg (On a linear Volterra integral equation in Banach space, Helsinki
Univ. of Tech. Report —HTKK-MAT-A95, 1976) has extended the results of
[11]. He obtains results related to our Theorem 4 by more complicated
arguments. We also note that further information concerning the nonconvolu-
tion equation (4.9) is now available in G. Gripenberg, Helsinki Univ. of Tech.
Report —HTKK-MAT-A10S (1977), and C. Rennolet, Ph.D. thesis, Univ. of
Wisconsin, Madison, August 1977.
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